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Abstract. Three-dimensional Einstein-Maxwell theory with non trivial
asymptotics at null infinity is solved. The symmetry algebra is a Virasoro-
Kac-Moody type algebra that extends the bms3 algebra of the purely grav-
itational case. Solution space involves logarithms and provides a tractable
example of a polyhomogeneous solution space. The associated surface
charges are non-integrable and non-conserved due to the presence of electro-
magnetic news. As in the four-dimensional purely gravitational case, their
algebra involves a field-dependent central charge.
Contents
1 Introduction 3
2 Asymptotic symmetries 4
3 Solution space 6
4 Surface charge algebra 7
5 Switching off the news 8
6 Discussion 9
Acknowledgments 10
A Details on computations 11
A.1 Residual symmetries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
A.2 Asymptotic symmetry algebra . . . . . . . . . . . . . . . . . . . . . . . . . . 11
A.3 Solution space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
References 16
3d asymptotically flat Einstein-Maxwell theory 3
1 Introduction
The original studies of four-dimensional asymptotically flat spacetimes at null in-
finity [1–3] and their extensions to include the electromagnetic field [4, 5] rely on
an expansion in inverse powers of the radial coordinate r for the metric compo-
nents or the spin and tetrad coefficients. In order to guarantee a self-consistent
solution space, some of these expansions need well-chosen gaps so as to prevent the
appearance of logarithmic terms in r.
In more recent investigations, this assumption has been relaxed. More general
consistent solution spaces have been proposed that involve double series with inverse
powers and logarithms in r from the very beginning. Details on such “polyhomoge-
neous spacetimes” can be found for instance in [6–8].
Another non trivial aspect of 4d spacetimes with non trivial asymptotics at Scri
is that charges associated to the asymptotic symmetry transformations, even though
well-defined, are neither conserved nor integrable [9]. Furthermore, when considering
a local version of the asymptotic symmetry algebra [10, 11], the associated current
algebra acquires a field dependent central extension [12, 13].
In contrast, three-dimensional asymptotically flat Einstein gravity at null infinity
is much easier, in the sense that the expansion in inverse powers of r of the general
solution with non trivial asymptotics can be shown not to admit logarithms and
to truncate after the leading order terms [11]. The symmetry algebra [14] is bms3,
the charges are conserved, integrable (and also r independent [15]), while their
algebra involves a constant central extension [16], closely related to the one for
asymptotically anti-de Sitter spacetimes [17].
The purpose of the present paper is to study three-dimensional Einstein-Maxwell
theory with asymptotically flat boundary conditions at null infinity. This model al-
lows one to illustrate several aspects of the four dimensional case in a simplified
setting. On the one hand, there is a clear physical reason for the occurrence of loga-
rithms as such a term is needed in the time component of the gauge potential in order
to generate electric charge. This term leads to a self-consistent polyhomogeneous
solution space that includes the charged analog of particle [18] and cosmological so-
lutions [19–22]. The latter correspond to the flat space limit of the three-dimensional
charged rotating asymptotically anti-de Sitter black holes [23]. On the other hand,
the asymptotic symmetry algebra is a Virasoro-Kac-Moody type algebra that ex-
tends the bms3 algebra of the purely gravitational case. The associated surface
charges turn out to be neither conserved nor integrable due to the presence of elec-
tromagnetic news. Furthermore the algebra of surface charges now involves a field
dependent central charge that persists when switching off the news.
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The plan of the paper is the following. In the next section, we work out the
asymptotic symmetry algebra. In section 3, we present the polyhomogeneous solu-
tion space, while section 4 is devoted to the surface charges and their algebra. In the
last section, we show that upon switching off the electromagnetic news, not surpris-
ingly, charges become conserved and integrable. Nevertheless, both the asymptotic
symmetry algebra and the central charge involve field dependent terms. The ap-
pendix contains details on intermediate computations that are omitted from the
main text. Finally, a last section is devoted to a comparison of the novel results
derived here in three and previous results obtained in four dimensions.
2 Asymptotic symmetries
To work out the asymptotic symmetries, we follow closely the original literature
[24] and adapt it to the current context. More generally, for the Einstein-Yang-
Mills system in all dimensions greater than 3, this problem has been addressed
recently in detail in a unified way both for flat and anti-de Sitter backgrounds
in [25]. In this approach, the gauge fixing condition in the definition of asymptotic
flat spacetimes fix the radial dependence of gauge parameters completely, while the
fall-off conditions fix the temporal dependence. In the current set-up, the fall-off
conditions on Au are more relaxed as compared to those considered in section 5.5
of [25] in order to account for non-vanishing electric charge. As a consequence, the
time dependence of the electromagnetic gauge parameter is no longer fixed, unless
one switches off the news.
In order to define asymptotic flatness of the three-dimensional Einstein-Maxwell
at future null infinity, coordinates u, r, φ are used together with the gauge fixing
ansatz
gµν “
¨˚
˝V e2β ` r2U2 ´e2β ´r2U´e2β 0 0
´r2U 0 r2
‹˛‚, Ar “ 0, (2.1)
where U, β, V and Au, Aφ are functions of u, r, φ. Suitable fall-off conditions that
allow for non-vanishing electric charge are
U “ opr´1q, V “ oprq, β “ opr0q,
Au “ Opln r
r0
q, Aφ “ Opln r
r0
q, (2.2)
where r0 is a constant radial scale.
The gauge structure of Einstein-Maxwell theory can be described as follows.
Gauge parameters are pairs pξµ, ǫq consisting of a vector field ξµBµ and a scalar ǫ.
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A generating set of gauge symmetries can be chosen as
´ δpξ,ǫqgµν “ Lξgµν , ´δpξ,ǫqAµ “ LξAµ ` Bµǫ. (2.3)
When the gauge parameters are field dependent, as will be the case for the pa-
rameters of asymptotic symmetries below, the commutator of gauge transformations
contains additional terms:“
δpξ1,ǫ1q, δpξ2,ǫ2q
‰ pgµν , Aµq “ δrpξ1,ǫ1q,pξ2,ǫ2qsM pgµν , Aµq, (2.4)
where the Lie (algebroid) bracket for field dependent gauge parameters is defined
through
rpξ1, ǫ1q, pξ2, ǫ2qsM “ ppξ,pǫq,pξ “ rξ1, ξ2s ` δpξ1,ǫ1qξ2 ´ δpξ2,ǫ2qξ1 , pǫ “ ξ1pǫ2q ` δpξ1,ǫ1qǫ2 ´ p1 Ø 2q. (2.5)
Gauge transformations preserving asymptotically flat configurations are explic-
itly worked out in Appendix A.1. They are determined by gauge parameters de-
pending linearly and homogeneously on arbitrary functions T pφq, Y pφq, Epu, φq ac-
cording to
ξu “ f “ T ` uY 1,
ξφ “ Y ´ f 1
ż 8
r
e2β
r12
dr1 “ Y ´ f
1
r
` opr´2q,
ξr “ ´rBφξφ ` rUf 1 “ ´rY 1 ` f 2 ` op1q,
ǫ “ Epu, φq ` f 1
ż 8
r
e2βAφ
r12
dr1 “ Epu, φq `Op ln
r
r0
r
q,
(2.6)
where dot and prime denote u and φ derivatives, respectively.
Consider then the “bms3/Maxwell” Lie algebra consisting of triples s “ pT, Y, Eq
with bracket
rs1, s2s “
´pT , pY , pE¯ , (2.7)
where
pT “ Y1T 12`T1Y 12´p1Ø 2q, pY “ Y1Y 12´p1Ø 2q, pE “ Y1E 12`f1 9E2´p1Ø 2q. (2.8)
This is the asymptotic symmetry algebra of the system in the following sense:
When equipped with the modified bracket (2.5), the parameters (2.6) of the resid-
ual gauge symmetries form a representation of the Lie algebra (2.7).
The proof, following the one originally worked out in [11], is sketched in Ap-
pendix A.2.
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3 Solution space
In this section, we present the polyhomogeneous solution space for our model, fol-
lowing mainly [2, 7, 26].
We start from the Einstein-Maxwell Lagrangian density in three dimensions
L “
?´g
16πG
pR ´ F 2q, (3.1)
with equations of motion
Bνp
?´gF µνq “ 0, Lµν :“ Gµν ´ Tµν “ 0, (3.2)
where Tµν “ 2FµρF ρν ´ 12gµνF 2.
The detailed analysis in Appendix A.3 then yields the following results: given
the ansatz
Aφ “ αpu, φq ln r
r0
` A0φpu, φq `
8ÿ
m“1
mÿ
n“0
Amnpu, φqpln rr0 qn
rm
, (3.3)
at a fixed time u0, the general solution to the Einstein-Maxwell system in three
dimensions with the prescribed asymptotics is completely determined in terms of
the initial data A0φpu0, φq, Amnpu0, φq, the news functions A0upu, φq and integration
functions ωpφq, λpφq, θpφq, χpφq according to
α “ ´ω ´ uλ1, N “ χ` uθ1 (3.4)
β “ ´ α
2
2r2
`
8ÿ
m“1
mÿ
n“0
βmnpln rr0 qn
rm`2
, (3.5)
U “ 4λα ln
r
r0
` 2λα ´N
2r2
`
8ÿ
m“1
mÿ
n“0
Umnpln rr0 qn
rm`2
, (3.6)
Au “ ´λ ln r
r0
` A0u `
α1
r
`
8ÿ
m“1
mÿ
n“0
Bmnpln rr0 qn
rm`1
, (3.7)
V “ 2λ2 ln r
r0
` θ ` 2αλ
1 ´ 2λα1
r
`
8ÿ
m“1
mÿ
n“0
Vmnpln rr0 qn
rm`1
, (3.8)
where the functions βmn, Umn, Bmn, Vmn are determined recursively in terms of the
initial data, the news, the integration functions and their φ derivatives. In particular,
9A0φ “ ´λ1 ` pA0uq1. (3.9)
Furthermore, the leading parts of the metric and electromagnetic gauge potentials
are given by
ds2 “ r2λ2 ln r
r0
` θ `Opr´1qsdu2 ´ r2`Opr´2qsdudr
´r4λα ln r
r0
` 2λα´ χ ´ uθ1 `Opr´1 ln r
r0
qsdudφ` r2dφ2, (3.10)
Aφ “ α ln r
r0
` A0φ `Opr´1 ln
r
r0
q, Au “ ´λ ln r
r0
` A0u `Opr´1q. (3.11)
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Asymptotic symmetries transform solutions to solutions. This allows one to
work out the transformation properties of the functions characterising asymptotic
solution space:
Lξguu : ´ δθ “ Y θ1 ` 2pθ ´ λ2qY 1 ´ 2Y 3,
´ δλ “ Y λ1 ` λY 1,
Lξguφ : ´ δχ “ Y χ1 ` 2pχ´ 2ωλqY 1 ` Tθ1 ` 2pθ ´ λ2qT 1 ´ 2T3,
´ δω “ Y ω1 ` ωY 1 ` Tλ1 ` λT 1,
LξAu ` 9ǫ : ´ δA0u “ Y pA0uq1 ` pA0u ` λqY 1 ` f 9A0u ` 9E,
LξAφ ` ǫ1 : ´ δA0φ “ Y pA0φq1 ` pA0φ ´ αqY 1 ` f 9A0φ ` A0uf 1 ` E 1.
(3.12)
4 Surface charge algebra
Associating charges to asymptotic symmetries in general relativity is a notoriously
subtle question. The approach followed here consists in deriving conserved co-
dimension 2 forms in the linearized theory that can be shown to be uniquely associ-
ated, up to standard amiguities, to the exact symmetries of the background [27–29].
When using these expressions for asymptotic symmetries in the full theory, neither
conservation nor integrability is guaranteed [9, 12, 13, 30].
More concretely, using the general expressions for the linearized Einstein-Maxwell
system derived in [31], the surface charge one form of the linearized theory reduces
to ¿
S8
δ{kξ,ε “ ´δ
¿
S8
Kξ,ε `
¿
S8
Kδξ,δε ´
¿
S8
ξ ¨Θ, (4.1)
where
Kξ,ε “ pdxn´2qµν
?´g
16πG
r∇µξν ´∇νξµ ` 4F µνpξσAσ ` ǫqs,
Θ “ pdxn´1qµ
?´g
16πG
r∇σδgµσ ´∇µδgνν ` 4F σµδAσs,
(4.2)
and S8 is the circle at constant u “ u0 and r “ RÑ 8. At this stage, we have used
already that expressions in
ű
S8
δ{kξ,ε that are proportional to the exact generalized
Killing equations vanish,
1
16πG
¿
S8
δgνρp∇µξρ `∇ρξµq
?´gpdn´2xqµν “ 0,
1
4πG
¿
S8
gµρδAνpLξAρ ` Bρεq
?´gpdn´2xqµν “ 0,
(4.3)
when evaluated for solutions and asymptotic symmetry parameters (2.6). As in four-
dimensional asymptotically flat pure Einstein gravity [9], the remaining expression
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then splits into an integrable part and a non-integrable part proportional to the
electromagnetic news, ¿
S8
δ{kξ,ε “ δQs `Θs, (4.4)
with
Qsrg, As “ 1
16πG
ż
2π
0
dφ
”
θT ` Y pχ` 4λA0φq ` 4λE
ı
,
Θsrδg, δA; g, As “ 1
4πG
ż
2π
0
dφfA0uδλ.
(4.5)
It follows that p8Gq´1θ, p8Gq´1pχ` 4λA0φq, p2Gq´1λ can be interpreted as the mass,
angular momentum and electric charge aspect, respectively.
Applying now the proposal of [12, 13] for the modified bracket of the integrable
part of the charges,
tQs1 , Qs2u “ ´δs2Qs1 `Θs2r´δs1g,´δs1A; g, As, (4.6)
gives
tQs1 , Qs2u “ Qrs1,s2s `Ks1,s2, (4.7)
where
Ks1,s2 “
1
8πG
ż
2π
0
dφ
”
Y 1
1
T 2
2
´ 2λf1 9E2 ´ λ2T1Y 12 ´ p1 Ø 2q
ı
. (4.8)
It is then straightforward to check that the field dependent central extension satisfies
the generalised cocycle condition
Krs1,s2s,s3 ´ δs3Ks1,s2 ` cyclic p1, 2, 3q “ 0. (4.9)
5 Switching off the news
In the analysis above, we are in an unusual situation where the asymptotic symmetry
algebra depends arbitrarily on time through the dependence of E on u. This can
be fixed by requiring the electromagnetic news function to vanish, A0u “ 0. Since
asymptotic symmetries need to preserve this condition, we find from (3.12) that E “
E¯ ´ şu
u0
du1λY 1. The asymptotic symmetry algebra then becomes time independent,
but field dependent since the last of (2.8) gets replaced by
p¯E “ Y1E¯ 12 ´ T1Y 12λ´ p1 Ø 2q. (5.1)
Charges become integrable and conserved: the second, non integrable part vanishes
while in the first line of (4.5), E,A0φ get replaced by E¯, A¯
0
φ. In order to see this,
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one has to go back to (4.1) where the second term now contributes to remove the
u-dependent terms when using that, on shell, E “ E¯pφq ´ uλpφqY 1, and A0φ “
A¯0φpφq ´ uλ1. Finally, the field dependent central charge becomes
Ks1,s2 “
1
8πG
ż
2π
0
dφ
“
Y 1
1
T 2
2
` λ2T1Y 12 ´ p1Ø 2q
‰
. (5.2)
6 Discussion
Apart from its intrinsic interest, one might hope that the elaborate symmetry struc-
ture and the explicit solution of the three-dimensional Einstein-Maxwell system
with non trivial asymptotics at Scri presented here could be suitably tuned so as
to have applications in the context of holographic condensed matter models in 1+1
dimensions. Indeed, the Einstein-Maxwell system with various backgrounds, asymp-
totics, and additional scalar or form fields is ubiquitous in this context, see for in-
stance [32–34], and more specifically [35–37] in three bulk dimensions. From the
viewpoint of symmetries as well, this is quite reasonable since the bms3 algebra is
isomorphic to gca2, the Galilean conformal algebra in 2 dimensions [38, 39].
Independently of such speculations, let us compare the three-dimensional re-
sults derived here to those of the four dimensional case. First, we note that in the
four dimensional Einstein-Maxwell system, one imposes the conditions Ar “ 0 and
Au “ Opr´1q (see e.g. [4] and [40] section II.C for a detailed discussion of pure
electromagnetism). As shown in [25], from the viewpoint of asymptotic symmetries,
the absence of a term in Au of order zero in r
´1 also guarantees a time independent
symmetry algebra similar to the one discussed here in three dimensions, but with an
additional arbitrary dependence on the supplementary polar angle. In four dimen-
sions, the electromagnetic news nevertheless persists since it is encoded in different
components of the vector potential.
Concerning the algebra of charges, there does not exist, to our knowledge, a
complete study of the Einstein-Maxwell system in the four-dimensional case. That
is the reason why we compare the rest of the results here to the purely gravitational
ones in four dimensions.
As recalled in the introduction, in four dimensions, self-consistent asymptoti-
cally flat solution spaces at Scri including charged black hole solutions have been
constructed in spaces involving integer powers of 1{r.
The simplest solution in three dimensions is the flat limit of the charged BTZ
black hole. It is characterized by ω “ 0 “ A0φ “ Amn “ A0u and θ “ 8GM , χ “ 8GJ ,
λ “ 2GQ, where M,J,Q are constants that, according to (4.5), are interpreted as
the mass, angular momentum and electric charge of the solution. Let us recall that
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the uncharged solutions with Q “ 0 describe three dimensional cosmologies [20–22]
when M ě 0 and spinning particles, i.e., the angular defects and excesses of [18],
when M ă 0.
In both cases, it is the news, electromagnetic in the former and gravitational in
the latter, that is responsible for the non-integrability and non conservation of the
charges. In the latter case, there is no (field-dependent) central extension, unless one
admits singular symmetry generators at null infinity and considers a local extension
of the bms4 algebra including superrotations [11–13]. It disappears when switching
off the news, as this reduces super to standard Lorentz rotations. In the former case,
superrotations always exist and are globally well-defined at null infinity. The field
dependent central extension persists even after switching off the electromagnetic
news. To our knowledge, this is the first example in the context of asymptotic
symmetries where there is a field dependent term in the symmetry algebra and in
the central extension of the algebra of conserved and integrable charges.
The first field independent term in (5.2) exists also for pure gravity in three
dimensions and is well understood from a cohomological point of view [16, 41]. It
has also been used in an argument pertaining to the Bekenstein-Hawking entropy
of the three-dimensional cosmological solutions [42, 43], modeled on the one in [44]
for the BTZ black holes.
The second field dependent term involving the electric charge aspect, is novel and
much less understood. It certainly deserves further study, both from the viewpoint
of Lie algebroid cohomology and from a physical perspective.
Finally, let us comment on the nature of the solutions considered here. As in the
majority of the papers on the subject since the pioneering work by Bondi et al. [1],
the solutions are constructed as formal power series in the radial coordinate. In the
polyhomogeneous case, there has been an investigation of convergence and existence
of such solutions for linear massless higher spin fields on Minkowski spacetime as
a preliminary study for the gravitational problem [45]. Addressing this question is
clearly relevant in this set-up as well, but beyond the scope of the current work. We
just note that the asymptotic symmetry algebra itself is not very sensitive to the
details of solution space, as it is based solely on (2.1), (2.2) and the absence of news
in later considerations.
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A Details on computations
A.1 Residual symmetries
Gauge parameters ξµ that preserve the metric ansatz depend on two arbitrary func-
tions T pφq, Y pφq:
• Lξgrr “ 0 implies Brξu “ 0 and so ξu “ fpu, φq,
• Lξgrφ “ 0 implies Brξφ “ e
2β
r2
Bφf and so ξφ “ Y pu, φq ´
ş8
r
dr1
e2β
r12
Bφf ,
• Lξgφφ “ 0 implies ξr “ ´rpBφξφ ´ UBφfq,
• Lξguφ “ oprq implies BuY “ 0 and so Y “ Y pφq,
• Lξgur “ opr0q implies Buf “ BφY and so f “ T pφq ` uBφY ,
• Lξguu “ oprq implies no further conditions.
The gauge parameter ǫ preserving the gauge and fall-off conditions of the gauge
potentials depends on an arbitrary function Epu, φq according to
• LξAr ` Brε “ 0 implies ε “ Epu, φq ` Bφξu
ş8
r
e2βAφ
r12
dr1,
• LξAu ` Buε “ Opln rr0 q “ LξAφ ` Bφε imply no further conditions.
A.2 Asymptotic symmetry algebra
We want to show that the gauge parameters (2.6), when equipped with the bracket
(2.5), provide a representation of the Lie algebra (2.7). By evaluating Lξgµν , we find#
´δβ “ ξαBαβ ` 12
“Buf ` Brξr ` BφfUs,
´δU “ ξαBαU ` U
“Buf ` BφfU ´ Bφξφ‰´ Buξφ ´ BrξφV ` Bφξr e2βr2 , (A.1)
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while ´δAφ “ ξαBαAφ ` AαBφξα ` Bφǫ. It follows that$’’&’’%
δ1ξ
u
2
“ 0,
δ1pBrξφ2 q “ Bφf2 e
2β
r2
2δ1β,
δ1ξ
r
2
“ ´r“Bφpδ1ξφ2 q ´ Bφf2δ1U‰,
δ1pBrǫ2q “ ´ 1r2
`Bφf2e2βδ1Aφ ` Bφf2e2βAφ2δ1β˘ .
(A.2)
Direct computation then shows that
Brpξu “ Br pf “ 0, Bu pf “ BφpY , pf “ pT ` uBφpY ,
Brpξφ “ e2β pf
r2
, lim
rÑ8
pξφ “ pY ,pξr “ ´Bφpξφ ` UBφ pf,
Brpǫ “ ´Bφ pfe2βAφ
r2
, lim
rÑ8
pǫ “ pE,
which proves the result since these conditions determine uniquely gauge parameters
(2.6) where pT, Y, Eq have been replaced by ppT , pY , pEq.
A.3 Solution space
The equations of motion can be organized as as follows
Bνp
?´gF uνq “ 0, (A.3)
Bνp
?´gF φνq “ 0, (A.4)
Bνp
?´gF rνq “ 0, (A.5)
Lrα “ Grα ´ Trα “ 0, (A.6)
Lφφ “ Gφφ ´ Tφφ “ 0, (A.7)
Luφ “ Guφ ´ Tuφ “ 0, (A.8)
Luu “ Guu ´ Tuu “ 0. (A.9)
When equations (A.3) and (A.4) hold, the electromagnetic Bianchi equation reduces
to BrrBνp?´gF rνqs “ 0. This means that if Bνp?´gF rνq “ 0 for some constant r,
it vanishes for all r. The gravitational Bianchi identities can be written as
0 “ 2?´g∇νGνµ “ 2Bνp
?´gLνµq `
?´gLρσBµgρσ ` 2
?´g∇νT νµ . (A.10)
When (A.3)-(A.6) are satisfied and µ “ r in (A.10), one gets LφφBrgφφ “ 0 which im-
plies Lφφ “ 0. In this case, the remaining Bianchi identities reduce to 2Bνp?´gLνφq “
0 “ 2Bνp?´gLνuq. The first one gives BrprLuφq “ 0. This means that if rLuφ “ 0 for
some fixed r, it vanishes everywhere. Finally, when Luφ “ 0, the last Bianchi iden-
tity reads BrprLuuq “ 0. Thus the only non-vanishing term of rLuu is the constant
one.
Accordingly, the equations of motions are solved in the following order:
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• 4 main equations: Lrr “ 0, Bνp?´gF uνq “ 0, Lrφ “ 0, Lru “ 0,
• 1 standard equation: Bνp?´gF φνq “ 0,
• 3 supplementary equations: Bνp?´gF rνq “ 0, Luφ “ 0, Luu “ 0,
• 1 trivial equation: Lφφ “ 0.
Starting with Lrr “ 0, we have grr “ 0, Rrr “ 2Brβ
r
, Trr “ 2
r2
pFrφq2. Hence
Brβ “ 1
r
pFrφq2 and thus β “ β0pu, φq ´
ş8
r
dr1
1
r1
pFrφq2 with β0 an integration
constant. The fall-off condition β “ opr0q puts β0 to zero and thus,
β “ ´
ż 8
r
dr
1
r1
pFrφq2. (A.11)
Consider now the equation Bνp?´gF uνq “ 0. Explicitly, this equation reads
Brpre2βF urq ` Bφpre2βF uφq “ 0. Defining
m :“ e2βF ur “ ´e´2βpFur ´ UFrφq, (A.12)
and using e2βF uφ “ ´ 1
r2
Frφ, this equation of motion is a first order differential
equation for m,
Brprmq “ BφFrφ
r
ùñ m “
´λ´ ş8
r
dr1
BφFrφ
r1
r
, (A.13)
with λpu, φq a constant of integration.
For Lrφ “ 0, we have grφ “ 0, Rrφ “ ´Bφrβ`Bφβ
r
´r2e´2βBrβBrU` 3
2
re´2βBrU`
r2
2
e´2βBrrU , Trφ “ 2Frφm. Defining
n :“ r
2
2
e´2βBrU, (A.14)
Rrφ “ ´Bφrβ ` Bφβ
r
`
ˆ
Br ` 1
r
˙
n, the equation is a first order differential equation
for n,
Brn` n
r
“ 2Frφm` Brφβ ´ Bφβ
r
ùñ n “
N ´ 2 ş8
r
dr1 r1p2Frφm` Brφβ ´ Bφβ
r
q
2r
, (A.15)
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with Npu, φq an integration constant. As a consequence of the fall-off condition on
U , we end up with
U “ ´
ż 8
r
dr1 p2e
2β
r12
nq. (A.16)
For Lur “ 0, we haveGru “ ´12grupRφφgφφ`2Rrφgrφ`Rrrgrrq, Rφφ “ re´2βpBrV`
2BφUq ´ 2Bφφβ ` r2e´2βBφrU ´ 2pBφβq2 ´ e
´4β
2
r4pBrUq2 and ´2r2pTrugru ` Trφgrφ `
1
2
Trrg
rrq “ 2r2m2. This gives
BrV “ 2re2βm2` 2e
2βBφφβ
r
´ rBφrU ` 2e
2βpBφβq2
r
` 1
2
e´2βr3pBrUq2´ 2BφU, (A.17)
and
V “ θ ´
ż 8
r
dr1
´
2re2βm2 ` 2e
2βBφφβ
r
´ rBφrU ` 2e
2βpBφβq2
r
`
` 1
2
e´2βr3pBrUq2 ´ 2BφU
¯
, (A.18)
with θpu, φq a constant of integration.
For jě 0, we have
Brrri lnj rs “
$’’’&’’’%
řj
k“0Cijkr
i´1 lnk r, i ‰ 0,
jr´1 lnj´1 r, i “ 0,
(A.19)
ż
ri lnj r dr “
$’’&’’%
řj
k“0Dijkr
i`1 lnk r, i ‰ ´1,
lnj`1 r
j ` 1 , i “ ´1,
(A.20)
for some coefficients Cijk andDijk, and up to constants for the integrations. Consider
then series Sn with elements of the formÿ
iď´n, 0ď jď´i´n
sijpu, φqri lnj r, (A.21)
with ně 0. These series satisfy Sn`1 Ă Sn, Sn ˚ Sm Ă Sn`m, pSnq1 Ă Sn`1. For
integration however,
ş
dr Sn`1 Ă Sn, up to constants for n ‰ 0 and the divergent
logarithmic term for n “ 0.
The ansatz (3.3) belongs to S0, up to the divergent logarithmic term propor-
tional to αpu, φq. This implies Frφ P S1 and β in (A.11), because of the absence
of the constant, belongs to S2 with all coefficients determined by the coefficients
αpu, φq, Amnpu, φq of (3.3).
3d asymptotically flat Einstein-Maxwell theory 15
In the same way, from (A.13), it follows that m P S1 with all coefficients deter-
mined by those of (3.3) and the integration function λ.
For U , we have in a first stage that n belongs to S0 and is determined by the data
in (3.3) and the integration constants λ,N . For U itself, it follows from (A.16), that
it belongs to S1, with no new integration constant because of the assumed fall-off.
Finally, it follows from (A.18) that V belongs to S0, up to a logarithmic diver-
gence, with coefficients determined by the data in (3.3) and the integration functions
α, λ,N, θ.
In summary, by integrating m in r in order to get Au and making the α depen-
dence explicit, we find that all main equations are solved as
m “ ´λ
r
´ α
1
r2
`
8ÿ
m“1
mÿ
n“0
mmnpln rr0 qn
rm`2
, (A.22)
β “ ´ α
2
2r2
`
8ÿ
m“1
mÿ
n“0
βmnpln rr0 qn
rm`2
, (A.23)
U “ 4λα ln
r
r0
` 2λα ´N
2r2
`
8ÿ
m“1
mÿ
n“0
Umnpln rr0 qn
rm`2
, (A.24)
Au “ ´λ ln r
r0
` A0u `
α1
r
`
8ÿ
m“1
mÿ
n“0
Bmnpln rr0 qn
rm`1
, (A.25)
V “ 2λ2 ln r
r0
` θ ` 2αλ
1 ´ 2λα1
r
, (A.26)
`
8ÿ
m“1
mÿ
n“0
Vmnpln rr0 qn
rm`1
, (A.27)
where mmn, βmn, Umn, Vmn, Bmn are determined by αpu, φq, Amnpu, φq, the integra-
tion constants λpu, φq, Npu, φq and their φ derivatives.
The standard equation determines the u evolution of α,A0φ and Amnpu, φq. In-
deed, Bνp?´gF φνq “ Bupre2βF φuq ` Brpre2βF φrq “ 0. Since e2βF φr “ Um `
1
r2
pFuφ ` V Frφq, e2βF φu “ 1
r2
Frφ, we get
BuFrφ “ ´r2
ˆ
Br ` 1
r
˙„
Um` 1
r2
pFuφ ` V Frφq

,
which is a differential equation governing the u-dependence of Frφ and thus of Aφ.
In terms of coefficients, we get
9α “ ´λ1, 9A0φ “ ´λ1 ` pA0uq1, 9Amn`1 “
p2m` 1q 9Amn `Xmn
2pn` 1q , (A.28)
where Amn`1 “ 0 when n “ m and Xmn is a linear combination of α,A0φ, Amn,
integration functions λ,A0u, N, θ and their φ derivative.
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The first supplementary equation reads explicitly 0 “ Bνp?´gF rνq “ Bupre2βF ruq`
Bφpre2βF rφq. Since e2βF ru “ ´m “ λr`Opr´2q and e2βF rφ “
„
Um´ 1
r2
ˆ
Fuφ ` V
r
Frφ
˙
“
Opr´2q, limrÑ8 Bνp?´gF rνq “ 0 implies 9λ “ 0 so that λ “ λpφq. The first of equa-
tion (A.28) then implies α “ ´ωpφq ´ uλ1.
For the second supplementary equation, Luφ “ 0, we have Luφ “ 1
2r
pθ1 ´ 9Nq `
Opr´2q. Hence, limrÑ8prLuφq “ 0 implies 9N “ θ1.
For the last supplementary equation Luu “ 0, we have Luu “
9θ
r
` Opr´2q.
limrÑ8prLuuq “ 0 then implies Buθ “ 0 and thus θ “ θpφq and then also that
N “ χpφq ` uθ1.
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